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Abstract. The quark—gluon plasma (QGP), a deconfined state of quarks and gluons created at extreme tem-
peratures and densities, provides unique insight into the properties of the strong force and potentially the early
universe. However, current formalisms to describe the QGP are artificial, limited and their complexity scales
considerably when attempting to lift approximations. Recently, the idea to apply the formalism of Open Quan-
tum Systems (OQS) to this problem has emerged as a more natural approach, since partons propagating in the
QGP and experiencing its influence can be modeled as quantum systems interacting with an environment. In
this work, after an overview of the theory of OQS, we use the Markovian Lindblad Equation to describe the
propagation of partons in the QGP, namely their splitting dynamics. First, we develop a phenomenological
model of splitting using the Lindblad equation. Then, these results are generalized to the case where partons
have spin, color and momentum. Finally, we attempt to derive this splitting model from a microscopic inter-
action Hamiltonian describing parton-QGP interaction. These results allow us to obtain expressions for the
splitting times and potentially assess the modifications induced by the QGP relative to vacuum propagation.
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1 Introduction

The Quark—Gluon Plasma (QGP) is a state of matter char-
acterized by extremely high energies in which quarks and
gluons become deconfined [/1]]. Its existence was first the-
orized in the late 1970s as a phase that occurred for a few
milliseconds after the Big Bang. In 2000, experiments at
CERN provided the first evidence for this state of matter,
and since then the QGP has remained a central subjects of
study in high-energy nuclear physics.

The current state-of-the-art formalism describing the prop-
agation of jet particles through the QGP is known as the
BDMPS-Z framework [2]]. Although highly successful,
it relies on significant simplifying assumptions: full an-
alytical solutions require an eikonal assumption which the
coordinates at play are assmued to be straight lines. Relax-
ing these constraints drastically increases the mathemati-
cal complexity of the model, making numerical solutions
very challenging.

This motivates alternative approaches, such as the Open
Quantum Systems (OQS) framework. In this perspective,
the jet can be treated as a quantum system interacting with
the QGP, which plays the role of a thermal environment.
Although still at a very early phase, it may offer a theory
more natural and flexible of jet-medium interactions.

In this work, we present the key mathematical elements
and physical concepts underlying the general OQS formal-
ism, and then introduce simplified toy models for parton
splitting processes inspired by the physics of the QGP.

2 Theoretical foundations

2.1 The Density Operator Formalism

In the standard formalism of quantum mechanics, the state
of a system is represented by a unitary vector in a sepa-
rable Hilbert space. However, this description fails when-
ever the system cannot be assigned a single state vector,

such as in the case of statistical mixtures of different quan-
tum states. In this case, there is a statistical uncertainty
in the state of the system and the use of a statistical en-
semble is necessary. This could occur, for instance, due to
an imprecise preparation of a quantum state or be a re-
sult of its interaction with an environment too complex
to describe exactly. These states are called mixed states,
whereas the cases where the system’s state is known with
certainty are referred to as pure states. The need to prop-
erly describe such mixed states becomes especially impor-
tant in the study of open quantum systems, where inter-
actions with an environment prevent a pure state descrip-
tion. We therefore introduce the density operator formal-
ism, which can describe not only pure but also mixed states
within a single framework.

In this formalism, the state of the system is described by
a self-adjoint linear operator p : H — H, where H is a
separable Hilbert space over C, satisfying tr(p) = 1 and
Wlolw) = 0 Y € H. The unit vectors that previously
described the state of the system are now identified with
density operators of the form p = |y){y|, in which case the
system is in a pure state. Conversely, if we have a set of
pure states |i;){¢;], each with a probability p; of occuring
in the statistical ensemble, then this ensemble is described
by the density operator p = >; p; [¥;){¥;l, in which case
the system is in a mixed state. Given an observable A :
H — H, the expectation value in the state p is (A) =
tr(Ap). Finally, the time evolution of the density operator
is governed by the Liouville-von Neumann equation:

dp N
ih— = [H,p], 1
ih—- = H.p] (D
where H is the system Hamiltonian. Consequently, given
the density operator at an initial time #,, the state of the

system at ¢#| is given by:

p(t) = U(ty, to)p(to)U' (11, o) 2)



_i
where U(t;, 1)) =Te " Jo' Hdr is the time evolution oper-

ator [3]]. For a two-level system, the following result holds:

Lemma 2.1. If p € M,y (C) satisfies tr(p) = 1, is self-
adjoint and (¢|pl¢) > 0 V ¢ € C2, then p is of the form:

_(a b 2
p—(b* l—a)’ a€[0,1], beC and |b]* <a(l-a)

Proof. Letp = (2’ Z) € Mao(C). tr(p) =

1 = d=1-a. pis self-adjoint =
a,d € Rand c = b*. (dlplpy =20 V¢ €
C? = a > 0 (taking ¢ = (1,0)), d =
1 —a > 0 (taking ¢ = (0, 1)) and {¢|pl¢p) >
0 V¢ € C? = ae[0,1] and ad — bc =
a(l-a)=|bP* = 0 (plolp) =0 V¢ € C* =
detp > 0). O

2.2 Time Evolution in Open Quantum Systems

To describe an open quantum system, we consider that it
is part of a larger isolated system, which, besides the open
system whose dynamics we wish to study, is also com-
posed of a much larger bath. Hence, the Hilbert space
of the global closed system is the tensor product of two
smaller Hilbert spaces, one corresponding to the open sys-
tem, and the other to the bath: H = Hs ® Hpz. While
in theory we could simply use the von Neumann equation
to solve the dynamics of the density matrix in the global
Hilbert space, in practice, the bath is extremely complex,
rendering this equation unsolvable. The goal of the theory
of open quantum systems is to describe the time evolution
of pg, which is related to the global density matrix through
the partial trace over the bath pg = trg(p). Thus, given pg
at an instant f, the state of the system at time #; is given
by

ps (1) = trp(U(ty, t)p(to) U’ (11, 1)), A3)

where we used the fact that Hg ® Hp is a closed system,
so its evolution is given by equation[2] We want to rewrite
this expression in the form ps (1) = &, 1)[ps (fo)], where
we call the superoperator &, ;,), which connects pg at dif-
ferent times, a dynamical map. It can be shown [4]] that we
can always write:

ps(t) = Y Kaltr,10,p5) ps (t0) Ki(11, 10,p5)  (4)

where K, are operators which depend on the state pg at
time fo.

On the other hand, if we write the initial state as p(#y) =
ps (20) ® pp(ty) +9p(ty), where the second term contains the
correlations between the system and the bath at the initial
time, we find an alternative form for the dynamical map:
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ps (1) = Trp{U(t1, 10)[ps (o) ® pi(te) + peor(to)1U (11, 10)}
= > A Teg{U a1, 10)lps (10) @ i) (Wil U (1, 10)

+ Trp[U(t1, to)peonr(to) U (11, 10)]
= Z Ko (t1, to)ps (1)K (11, to) + Sp(t1, to)

= S(n ,tg)[PS (to)],

4)
where @ = {i, j}, Ki(t1,t0) = VA W;|U(t1,5)l¥;) and
we have used the spectral decomposition of pp(ty) =
i Ai WXl
A universal dynamical map (UDM) is a dynamical map
which is independent of the state it acts upon:

ps(t) = Y Kot to)ps (1)K} (11, 10). (6)

In this case K, are called the Kraus operators.

It is thus easy to see, and it can be proven rigorously [4],
that a dynamical map being a UDM is equivalent to having
an initial condition where 6p(#y) = 0, that is the system and
bath are initially uncorrelated.

An interesting property is that the inverse of a UDM is
only a UDM if it is unitary, which only occurs if the system
and bath are decoupled. This means the time evolution of
open quantum systems is, in general, irreversible.

2.3 Markovian Evolution: the Lindblad Equation

We could naively assume that, given the UDM that de-
scribes the evolution of a system between instants 7y and
1, &> then it is possible, for every intermediate in-
stant 7, to find two UDMs, &, ) and &, 4, such that:
S(Iz,fo) = 8(12,&)8(&,10)'

However, even if in the initial state the system and bath
are uncorrelated, p(fy) = ps(fy) ® pp(ty), the state at time
t; will, in general, exhibit correlations, dp(t;) # 0, due to
the system-bath interaction that occurs in this time inter-
val. Consequently, even if &, ;) and &, ) are UDMs,
S, 1s not. Therefore, UDMs in general do not satisfy
this simple continuity condition. The ones that do have a
special designation:

Definition 2.2. A quantum system undergoes a Marko-
vian evolution if the composition law for UDMs applies:
Sty = Ewi)Eini)- This property is referred to as the
divisibility condition.

In general, the evolution of an open quantum system is
not Markovian as typically correlations between the sys-
tem and bath develop over time. However if the correlation
term Jp does not affect the dynamics significantly, then a
Markovian evolution serves as a good approximation.

As mentioned above, we are typically interested in obtain-
ing a differential equation for pg that governs the dynam-
ics of the open quantum system. This equation is called a
Master Equation and it is related to the form of the UDM:



dptt) _ . plt+©) = p(t)
dt e—0 €

[Eren — 11 M
€

= 113(1) p() = Lp(1)
When the time evolution is Markovian the master equation
has necessarily a very specific form called the Lindblad

equation as follows in Theorem [2.3]

Theorem 2.3. A differential equation is a Markovian mas-
ter equation if and only if it can be written in the form

i
7t —%[H(t),p(t)]

" 1
+ ; Yi(1) [Vk(t)p(t)Vk’ (- E{Vg(l)Vk(t),p(t)}
®)

where H(f) and Vi(f) are time-dependent operators (the
latter called jump operators), with H(¢) self-adjoint, and
vi(¢) = 0 for every k and time ¢.

It is possible to arrive at the Lindblad equation through
more physical arguments and approximations that are
valid in a certain regime. This also tells us in which phys-
ical conditions it is justified to approximate the evolution
as Markovian. One such situation is the weak coupling
regime, where the interaction between the system and the
bath is considered to be small. We write the Hamiltonian
as a sum of the system and bath Hamiltonians, plus an in-
teraction between them: H = Hg + Hg + V. Then, we
assume we can write V = Y, Ay ® By, with Az = Ay and
B} = By.

Under these assumptions, it is possible to arrive at a
Markovian equation for the system evolution:

dps(t) _
dt

~=[Hs + His. ps (0]
+ 3 )| Adwps (DA ()
w kit

~ HA[@A(). psD}]:

where the jump operators are given by

A(w) = Z We)Wel A e el s &)

€—-e=w
where |i/.) are the eigenstates of Hg with energy €. The
other quantities are given by the following expressions:

Yu = 2rte(Br(w)Bipm), (10)
His = )" 3 Su@A] (@A (w), (11)
w kt

A /
Su(w) = P.V.f M do’, (12)
w (w-o)

where By (w) is the Fourier transform of By, in the interac-
tion picture.

In the remaining of this work, we will work under this
Markovian approximation and, as such, we shall use the
Lindblad equation to determine the dynamics of the open
quantum systems under study.
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3 Phenomenological Models of Splitting

3.1 Basic Dynamics of Splitting Phenomena

A simple prototype of a 1 — 2 particle splitting phe-
nomenon is a system S described by the 2-dimensional
Hilbert space spanned by {|1),|2)}, where |1) corresponds
to a l-particle state and |2) to a 2-particle state, with the
usual inner product (i|j) = 6;;. We will impose energy
conservation in the splitting, that is we consider that both
states are eigenvectors of the system Hamiltonian, Hg,
sharing the same eigenvalue €. The simple problem under
study will only allow the transition from state |1) to state
|2}, via interaction with a medium, the nature of which will
be encoded in the constant y. Consequently, the process
will be ruled by one jump operator, L, and an Hamiltonian
Hjg, respectively given by, in the {|1),]2)} basis,

0 0
i
Denoting p as the density matrix of the system S, the Lind-
blad equation reduces to

H =s((1) (1)) (13)

ap i 1

— = ——[Hs,pl +y|LpL" - Z{L'L, p}|. 14
5 = 5 Hsepl 7(9 i p}) (14)
Since Hy is proportional to the identity, it will always com-
mute with p, hence [Hy,p] = 0. Lemma [2.T] gives us the
general form of the system’s density matrix with which,
together with the expression for L, we find

. {0 O\fa® b \(0 1) _(0 0
Lot ‘(1 0)(19(:)* l—a(t))(O 0)‘(0 a(t))
(

2a(t) b(t)
br) 0]

15)

{L'L,p} = ( (16)

Using these determined expressions, the Lindblad equa-
tion reduces to

o _(%0  ZO ~a(1) —@)’ 7

from which we get two (uncoupled) equations: a(f) =
—y a(r) and b(t) = —% b(r). Imposing the initial condition
p(0) = [1) (1| (which implies in particular that b(¢) = 0),
we obtain the solution

e 0
o) =( 0 1 _e—yz)' (18)

In this solution, a(¢) is the probability of finding the system
in the state |1) (1]. One can also compute the entropy of the
system, which is found to be given by

S(1) = —tr(p(?) log p(1))
= (—yte +(1—eMlog(l—e)  (19)
=yte” —(1-e")log(l —e™).

Its plot is depicted in Figure[I]



S(t) with y=0.5
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Figure 1. Entropy S (¢), taking y = 0.5, ¢ € [0, 20]

3.2 Spin and Colour Dynamics in Parton Splitting

A possible extension to the splitting model described
above consists in considering that the particles involved
have spin, in which case it is necessary to impose spin con-
servation. We consider that the initial parton is a quark (q),
a spin—1/2 fermion, and that it splits into another quark
and a gluon (g), a spin-1 boson. This process is depicted
in figure 2]

Figure 2. Feynman Diagram of the splitting ¢ — gg

If the initial quark is in the state H, i%), the final particles
will need to be in the same total spin state. The two possi-
ble total spin states can be written in terms of the spin state
of the individual particles:

1 1 211 1 I 1

)2,12> = i\/;'2,+2>®|1,il> F \/;‘2,12>®|1,0>

(20)
Thus, the new Hilbert space will be the span of
{11, T,11,1),12,7),12,1)}, where |1) and |2) indicate the
number of particles and |T) = |%, i%> ell) = |%, —%> the
total spin state. Considering that the two spin states have
the same energy and imposing again that the energy is con-
served during the splitting, the Hamiltonian is once again a
multiple of the identity: Hg = 1. When splitting occurs,
there will only be transitions |1,T) — [2,7T) and |1,]) —

[2, ). Consequently, we consider 2 jump operators, whose
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representation in the {|1,T),|1, 1), |2, T),]2, )} basis is
0 0 1 0
a=e o) =

0 0 0 0
sl o) meo)

These are associated to constants y; and y; respectively.
The density matrix can be written by blocks:

2n

(A0 BO fat b
p(’)‘(B(r)T C(t))’ A(t)_(b(t)* c(t))’

_ a(t) B
c@ = (’3(,)* 1 —a(®) - c(d) - a(t))
(22)

The initial conditions are C(0) = B(0) = 0 (since, if ini-
tially there is only one particle, then the system can only
be in the span of |1, T) and |1, |)) and A(0) = p; where p;
is a 2 X 2 density matrix which contains information on
the quantum superpositions or statistical mixtures that be-
tween |1, T) e |1, |) in the initial state. We can express this
matrix, as before, in the form:

_(a©®)  b(0)
pi= (b(O)* 1- a(O)) 23)
The Lindblad equation is:

op

i 1
= == ZlHs.pl + 71 (LTpLI - E{LiLT,p})
(24)

T 1 T
v (Llle - E{LLLl’p})

Since Hy is proportional do the identity, the commutator
with p is 0. It remains to determine the terms:

Lo (0 0)(A®  Bw\(0 L;)_(0 0
=L, o)\Be' co)lo 0T \0 L,A0L,

t _ (L, A®}  L4B(@)
{LpLy,p} = ( BOL: 0
(25
The results are analogous for L;. If we define:
_ M 0 26
Y (0 n) (26)
then the Lindblad equation is reduced to:
o _ (G0 FO\_(-znA0)  -3yBO)
o \%0 o)\ -1B0Yy  ydiaga®,c®)
27
We first analyze the equation for A(7):
oA da ob _ _ntn
= = (0‘%’*(0 z»(t)) - ( o (’)) 28)
o \50O 50 —=5=D(1) —y1c(0)

a0 e b(m) (29)

A = 1ty
= A1) (e_zltb(o)* e (1 - a(0))



Thus, both the populations and the coherences of the
single-particle states decay exponentially, with the decay
rates evident above. Secondly, the equation for B(r) would
also result in an exponential decay (with decay rate 2 or
” depending on the matrix element). Since the initial con-
dition is B(0) = 0, it follows that B(f) = 0 Vt. Lastly, the
equation for C(z) is:

ac z(""m 0 )= (Wg) 0 )
o \L@) —%()- %) - %) 0 7
(30)
_ (1 = eNa(0) 0
= 0 ‘( 0 (1— eyl —a(O)))
€2

Hence, when t — oo, the system tends to the states with
2 particles, with the statistical distribution between these
two states matching the initial spin distribution. Note that
B = 0, which means that the system always tends to
a non-coherent statistical mixture of |2,T) e |2,]) - even
if there are quantum superpositions in the initial state,
they will never be present in the final state. For in-
stance, if the initial state is a pure eigenstate of o, such
as |[+) = %(ll,T) + |1,])), the final state will not be

the pure state %(IZ, T +12,1)), but a statistical mixture,

pr = %(lZ, ™2, T + 12, 1)¢(2, ||). This arises from the fact
that we are considering two jump operators identified by
the projection of the spin along z. As aresult, when there is
a transition, the action of these operators effectively func-
tions as a measurement of the spin’s z-component, collaps-
ing the system into the |T) or |]) states (each with proba-
bility 1/2), thereby producing the corresponding statistical
mixture. The final expression for the density matrix is:

7"t
e 7 b(0)

e "a(0) 0
e V(1 - a(0))

pased)
e "2 'b(0)*

p(t) =

0 (1 -1 - a(0))
(32)

0 ‘ (1 - e )a(0) 0 J

This model can be easily extended to the case where we
consider partons with color (red (r), green (g) or blue (b)).
In this case, we need to impose conservation of color in
the splitting process. Since there are three possible col-
ors, the Hilbert space will now be 6-dimensional. It is
spanned by {|1,7),|1,9),11,b),12,7),12,9), |2, b)}, where
[1) and |2) indicate the number of particles and |i) identi-
fies the total color state. As before, |2, i) corresponds to a
linear combination of individual color states of the 2 par-
ticles (quark and gluon), such that that the total color is i.
With i = r, g or b, we define three jump operators:

0 0
Li—(]L’_ 0),
1 0 O 0 0 O 0 o 0y (33
L.=j0 0 0|,L,=]0 1 O0|,L,={0 0 O
0 0 O 0 0 O 0 0 1

with decay rates vy, v, and ;. We can then solve the re-
sulting Lindblad equation - the calculations will be in ev-
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erything identical to the spin case. Considering an initial
density matrix:

a(0)  b(0) (0)
pi= [b(O)* d(0) f0) (34)
c(0)*  f(0)" 1-a(0)-d0)

The final expression for p(r) is 3.2}

3.3 Splitting in the Position and Momentum
Spaces - Restricted Fock Space
Representation

Let H; be the Hilbert space corresponding to the state
of the particle before the splitting occurs, and H>, H;
the Hilbert spaces corresponding to the particles result-
ing from the splitting, we will consider the global Hilbert
space as H = H; & S(H, ® H3), where S symmetrizes
appropriately (depending on the type of the particles in-
volved) the space H, ® H3. Thus, H is the linear subspace
of the Fock space resulting from the restriction that we can
only have one or two particles. Next, we will allow for
new splitting phenomena to occur and take as the global
Hilbert space the entire Fock space. In this section, we
will be interested, primarily, in considering H; = L*(R?)
— the space where we can treat the propagation of all the
particles involved. Note that an element of this space is
apair ¥ = (y1(%),¥23(%, %3)) and the inner product in
this space is given by ((¥/1, ¥23), (91, $2.3)) = W1, d1)a, +
W3, $23)s e 1t is useful to start by studying how
the relevant jump operators act on plane waves, as we will
then assess how they act on wave packets. We define (for
the case where the particles resulting from the splitting are
distinguishable, i.e., when S (H> @ Hs) = Hp ® Hs):

|\111’E]> — (eﬂzl -X) , 0) |\II2’E2;E3> - (O, eilzz-)?zei]%-)%)
Each jump operator will be indexed by K, specifying how
it acts on "I’l /?1>' Similarly to the cases in the previous

sections, we consider that Ly, sends "I’ to 0.

2.5 k

Ly ¥, ) =¥ Ly |¥,z.2.) = 0,0)
(35)

For three non-relativistic particles, the Hamiltonian of the

system is given by [36] and with this operator defined, the
Lindblad equation is given by [37]

2,85k~ >

2 H? 72
Hy =——V2 1@ ——V2 W@l + 1, ®——V2 2
2m, 2m 2m
(36)

p i >, J - 37
E = —£[Hs,p]+fR3 V(k )(LEPLE - _{LE,L/},P})d k

2
(37

We denote by Dlp] the dissipation term (the second
term on the right-hand side of the Lindblad equation)
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Figure 3. Final expression for p(f) for partons with color.

and by Pz the quantity <‘I’U§1 p(t) “I’l’a). Let
us compute, as a function of p,z 2 (7), the quantity

<‘P1J€1 Dipl '\1’1,1?1>:

fR 3 7(/?')(<‘1'1,,a | L/erL,;, ‘I'l,/a>_
1

) ((‘Pl,zl | LiLyp |‘1’1,k*,> + (¥,

T
lez’ L]:,

1 o,
= _z jl;s 7(k )(<‘Il2,l?',l?1—l? L/?’p |‘I’1,E1>
¥ 37
+ <‘I’l,i€1 pLI?’ ‘1’2,1?’,1?1—1?’>d k

- —% fR Y&) (<\Plk o[+ (¥, | ‘Tlﬁ))dag/

=- ( fK 3 y(l?’>d3l?') Priai, @

(38)
Similarly for the quantity <‘1‘2 i Dlel “I’z % ]23>, we ob-
tain:
<‘I’2,1?2,*3 Dlp] |‘l’2 & k;>
— i i 377
= \f‘3 y(k )<‘P2]: i LE,,OL]?/ ‘1’2’1?2’/33>d k
* (39
= ’y(k’) <‘I’l,]€2+123 P "I‘l,l?2+]?3>6(kl — kz)dSk/
=YK Py ity 1 ity (O
The terms (‘I’1 131' [Hs, p] "I’l 1?1> and
<‘I’2’;2J:3 [Hs, p] |‘P2,122,1?3> are 0, since |‘I’1J;1> and |‘I’2,,32J;3>

are generalized eigenvectors of Hg. We denote by I
the integral ﬁ.@ y(l?’)d3l?’. If we assume the splitting is
isotropic, then I' = fRy(k’)k’zdk’. By explicitly solving
the equations, we obtain:

<‘P1le
<W2»;2s733|p(t) |\P2JA€)2J:3> =

T

(41)
(CETRNI¢

p(0) |‘1’1,;zz+z:3>

where c is an integration constant dependent on the initial
condition. Similar to the previous sections, we assume that
p(0) = [¥o) (Wol, with [¥o) = (¢1(x1), 0) € H (a pure state
of a single particle), which implies that ¢ = 1. We can
verify that, in fact, trp(r) = 1:

o, trp(f) = f ep o - (0)dk

V(Ez) -T 3. BL
+ ffRﬁ T (1-e l)pl,i’2+l?3,l,12'2+1?3(0)d ks dky
(42)
Let I be fR3 012120 d*k, then (by making the change of

variable i = k» + 1?3 in the second integral) we get

s v(&2) &k

=1
r

trp(t) = e T+ (1 —e I (43)

but / = 1, due to the initial condition assumed, thus con-
cluding the desired result. The function <‘I’1Jg] ' p(t) |‘I’1,/€1>
corresponds to the probability density of finding the sys-
tem in a one-particle state with a given momentum. Ex-
plicitly, if we consider an initial state that is a wave
packet: [¥o) = (W1(%1).0) = ([, s k1, 0) € H,
the probability over time of finding the system in a one-
particle state with momentum KeQis given by the inte-

gral:
L<‘P]’E‘
=€_rtj(;<‘1'1,/?]

T f 6RDP &R,
Q

p0) |2, &K1 =

(44)

pO)|¥, ;) &'F

The interpretation of <‘P2,I?z,l?; | p(t) "Pz,/?z,/?3> is analogous
but for a two-particle state, now representing a joint proba-
bility density. Also, for p(0) = [¥o) (Wo| as defined earlier,
the probability of finding the system in a two-particle state,
the first with momentum 122 € Q, and the second with mo-
mentum K3 € Qs, is given by:

f f (¥2r.1
Q3JQ

(1—€_FZ) - - 2.2 37 37
=T Yk)l(ka + k3)l” d ky d k3
QJD

37 537
o(1) '\1'2,,;2,,33) &Pl &Ry
(45)



4 Interaction with a bath

4.1 Degenerate two level system interacting with a
bath of harmonic oscillators

In this section, we’ll study a degenerate two-level sys-
tem interacting with a bath of harmonic oscillators. Once
again, we consider the Hilbert space spanned by {|1),[2)}
introduced in section [3.1] To reproduce the results of this
section, we would like to create a model where |1) — |2)
transitions occur with a certain probability. As a result,
if the system starts in the |1) state, it converges expo-
nentially to the |2) state, but now as a result of system-
bath interaction. To do so, we consider the Hilbert space
H = Hs ® Hp, that is the tensor product of the Hilbert
spaces of the system and bath. The system Hamiltonian
is as before: Hgy = e€lg. We model the thermal bath as a
continuum of harmonic oscillators following [4]], leading
to the bath Hamiltonian:

Hg=h f ) a'(w)a(w)D(w)dw (46)
0

where the operator a (a') creates (anhililates) a quanta
of energy fiw in the bath and D(w) is the bath density of
states. Thus, the total (system + bath) Hamiltonian, acting
on H, is the operator:

H=Hg¢+Hg+V

=elg@1z+1s®% f a'(wya(w)D(w)dw + V
’ )
where V is the interaction Hamiltonian between the sys-
tem and the bath, which as detailed in section 2.3 can be
decomposed as: V = Y, Ay ®By , AZ = A; and BZ = By.
The Lindblad equation is then:

I
7 [Hs + His,pa(D)]

+ 3 70 (A0 pa ALO)-  (48)
k.t

d
d—tPA(t) =-

— 1 {A{)A0), ps )]

As mentioned before, our system is intended to be degen-
erate. To accomplish this, we must force the H;g (Lamb-
Shift Hamiltonian) in equation 48] to be a multiple of the
identity.

We already have seen that we can decompose Hys as in
[[T] With this we also know the explicit form of S y(w),
[[2] which automatically implies that S (w) o I. So, our
study will be concentrated in the 3, > AZ(w)Ag(w) part,
more precisely, the operators Ax(w).

In our case, since the system only has two states with the
same energy, the only possible value for w is 0 and equa-
tion Blreduces to:

A(w =0) = Z In)(n| Ay lm){m| = Ar - (49)

nm=12

therefore, the relation that must be satisfied reduces to
Y AZA[ oc I (and the jump operators in the Lindblad
equation are the Ay).
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Proposition 4.1. If we have {A;} as the set of operators
that obey Ay = x;0x + yxo, + Zxo; Where xi, yi,zx € R
(0x, 0y, 0 are the Pauli Matrices), and a operator S which
is simetric, S = ST .Then, Zz,z sk,AZA[ o« I is true, where
sy are the entries of the operator S'.

Proof. In this proof, we will show that the squared terms
and the cross terms are o« I and thereby their sum must also
be.

First, the Pauli Matrices are hermitian so, since all the co-
efficients are real, all possible A; operators are hermitian:

Al = A
n . n (50)
Z SklA]iAl’ = Z SkArA¢
Kl Kl

When expanding the sum we get:

Zn: Zn: siArAe

k=1 ¢=1
= 511A1A1 + 512A1A2 + -+ - + 521A2A1 + - - - + S ALAL

= Z SikArAg + Z si(AkAe + AAx) , as s = Si
=1 ot
(€2))

Let’s first look at the squared terms s ArAx:

SkArAx = St(X0x + Yoy + k0 ) (X305 + Yroy + 240°;)
= skk[(xka'x)2 + o+ XY (OO + 0yoy) + ]
= sl +y7 +Z)T+0] o T
(52)
Then, we analyse the cross terms si(ArAr + ArAr):

si(ArAe + AgAr)
= sul(aoy + Yoy + 20 ) (X0, + Yoy + 7107;)

+ (X0 x + Y10y + 20 ) (X0 + Yoy + 2k0)] (53)
= sk,[Zxkxloﬁ + .+ xy(ooy + 0,0 + ]

= sul2xexs + 2yrys + 22201 + 0] oc T

In our case we won’t have to worry about the convergence
of the sum, as it contains only finitely many terms. Since
proportionality is preserved by the sum, we conclude that
i suAfAr o L.

O

We are now ready to properly begin building our model,
we will take into account the result deduced in to ac-
complish the degeneracy desired.

The first, and most important step is to define V = }; A; ®
B;. We will consider that k only goes to 1 for simplic-
ity. We choose A = o, because we want this model
to resemble and lead to a similar result to section [3.1}
where we used the jump operator L = |2)(1]. Here
Ay =11)(2] +]2) (1] will have the same function.



Our B; will be the same as in the last example of section
6.2.5 of [4]:

= h(w)aw»

B = f " B(w) dw, with {B(w) ‘
_ B(~w) = h(w)a,,

Wmax

forw >0

(54)

where a, denotes the continuous bosonic operators
[ay, aL,] = d(w — o), w being the frequency of each bath
mode.

Thereby we end up with the interaction term

V=0,® fwmax h(w)(az) +ay)dw

i (55)

- f (- h(@)(@, + ay)dw
0

‘We can now calculate the decay rate y; ¢(w) using equation
In this calculation we will use 7i(w) = [¢"/kT) — 1771,
that is the mean number of bosons of frequency w in the
thermal state p,, given by the Bose-Einstein statistics; and
a Ohmic spectral density of the bath J(w) = h(w) =
NwO(Way — w) (this quantity defines the strength of the
coupling per frequency). We calculate ;¢ in the degener-
ate case by taking the w — 0 of equation[I0}

y11(0) = JiTO 27 T By (wo)B1pp) (56)

There seems to be a problem, as the limit does not exist. If

wp > 0, we get y1; = limg,, 0+ 27J (wo)[Ai(wp) + 1] and if

wo > 0, y11 = limg,—0- 2nJ(wp)i(wp). We can avoid this

by considering a high temperature regime, where n(w) +
~ n(w). Thus we get,

Y1 = lim0 21 J (wo)i(wyp)
wy—

nwoe(wmax - wO)

=2r J;To ol — , using Cauchy Rule
= 2r lim —'— = 2myT
wp—0 Tgwr)/T
(57)

Note: It’s important to underline that the reason why we
choose a Ohmic spectral density, was to have J(w) o« w
since, combined with the fact that 7i(w) oc 1/w for small w,
this choice ensures we obtain a finite limit. Other choices
of spectral density would instead lead to the limit vanish-
ing or diverging.

In our case, we don’t need to obtain a simplified expres-
sion for §1;(0) because, Hrs by construction, commutes
with pp and the initial term in the Lindblad equation is 0
independently of S 11(0)F_]

Finally, we obtain the following Lindblad equation:

11f we used a more complex interaction Hamiltonian, V = }}; Ax® By,
in other words if k > 1, we would need that all the elements of the set
{Bi} commuted with each other. So that the condition in of NER
would be obliged
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d
EﬁA(t) =—i[Hs,pa(O] +

1
~ T 1 ki ~
T2 1% >
> 74e(0) (40(0) (1) AL(0) — 3 {4](0)4,(0), pa(1)})
k!

= = i[o,S 11(0), ()]
+y10) (T:pa(D0 s = Hoo e, pa (D)
=0+ y11(0) (0xpa(D)0 s — pa(1))

(58)
da b
50 5 ® d(t) — a(t)y —iIm[b(r)]
o _da =Y O b1 a - do
ot ot
(59)
with y11(0) = 2anT. We obtain the coupled system:
da(t)
o =y (d® - a®),
{% =y (a(r) - d(1). ©

together with the equation: (noting that the equations for
b(t) and b*(t) are equivalent)

o0b
— = —y(b() = b*(1))

o (61)

which can be recast as a system of 2 equations by separat-
ing the real and imaginary part of b(¢) = x(¢) + iy(?),

ox(®) _

g ="

oy(t

= = =2yy(n).

(62)

Both of these systems are easily solvable and we end up
with the following density matrix,

~ _fa(®) b

_ (Aao + do)(1 + &) X0 + yYoe "
B xo — yoe " 3(ag + do)(1 — ™)

(63)

ap, Xo, Yo, dp are the system initial conditions. If we impose
that the system starts in a pure state |1) we obtain:
L1 472 0
~ _(2
PA(f) ( 0 %(1 _ e—zyt)) (64)

0

so we as time goes to infinity the system loses coherence
and we end up with a classical randomness.

One interesting detail is that, as we know, the en-
tropy 0 < S < log(N), where N is the dimension
of the system A (in this case 2). Well, in this exam-
ple, we go from a pure state where the entropy S(0) =
=Tr[palog(t)(p(?))] = O to the maximum entropy at infin-
ity lim—e = =Tr[pa(DIog(Pa())] = —2(3l0g(})) = log(2)
which shows the effect the bath has on the system.

1
As we can see Tr[p4(1)] = 1 and lim,_,o pa(t) = (2 (l))’
2



4.2 Enforcing irreversibility

The derivation above results in a Lindblad equation with
processes operators: one that leads to a transition from
state |1) to state |2), that is, splits a particle in two, and
one that induces the reverse transition, |2) to |1). The latter
would correspond to two particles fusing into one, a pro-
cess we do not consider in our phenomenological splitting
model. Indeed, empirically we know that the splitting pro-
cess in the LHC is irreversible, both for the vacuum and for
the Quark Gluon Plasma. Thus, we are interested in find-
ing a way to eliminate or at least disregard the this process
operator.

One approach is to consider an effective non-hermitian in-
teraction Hamiltonian:

V= f " h@)or_(al, + ay)dw (65)
0

We use A; = o~ = L (in the {|1),|2)} basis) and keep the
B; used in section 4.1. Note that with this choice, we vio-
late the requirement that H;g is a multiple of the identity:

Hps = Z Z Se(W)A] (W)A(w)
w kt (66)
$11(0) 0)

= S]1(0)0-+O-7 = ( O O
Since the decay rate only depends on the bath operator B,
it will have the same value, y1;(0) = 2apT. Thus, we
obtain a Lindblad equation similar to that of section 3.1,
with an extra term due to Hg:

4 .
E'DA(I) = _% [H + Hpis, pa(t)]

+ > Yie0)(AL0) pa(1) AL(0)-
k.l

(67)
~ HAL0)A0). pa®))

= —%[s H(O)LTL, pa(0)]

+71100) (Lpa()L" = H{L'L, pa()})

This equation describes a unidirectional process as we de-
sired, but introduces a Lamb-shift of S {;(0) between the 2
levels. If we consider once again an Ohmic spectral den-
sity, J(w) = W (w) = NwW(Wmax — W), it is possible to cal-
culate this shift using equation T2}

mmﬂx T B 7 B
$11(0) = =PV, f oy T [B1(@)B1ps]

’
~Wmax W

“ms Tt [By(w)B
- -PV. f doy TLBL)Bups]
0

w/
+P.V.jw "dw,Tf[Bk(—w )Beps]
0 w’
1 wmax 1 = ’
:—P.V.f do'J(w )[ M)+ 1 i)
4 0 w’

1 max 0.)’ w
=-ZPV. Ll = —Lmax
4 j: T 4

(63)
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The new term in the Lindblad equation is equal to

i + _ i S“(O) 0 a b
—;—_1[511(0)L L,pa(n)] = % [( 0 0),(17* 1 a)}

_i 0 S 11(0)b
A \=S11(0)b* 0
(69)
Thus, the Lindblad equation reduces to a form similar to
equation[I'7] but with this new term:

P _ (G0 FO
(0% (1) ——(r))
=S 11(0>b(r>) s y(—a(t) —%)

i 0
T h (Su(ow(r)* 0 ()
(70)

The equation for a(f) remains unchanged, whereas the
equation for b(7) is now b(f) = (— -is 11(0)) b(t). Nev-
ertheless, with our usual initial condmon p0) = [1)(1],
this change is irrelevant and we obtain once again the time
evolution of equation[I8] reproducing the results of section
3.1.

4.3 Bath Interaction in the Position and Momentum
Spaces

We now generalize the previous discussion to the contin-
uous Hilbert space of position and momentum in order to
describe the splitting of particles moving in a 3D space
due to system-bath interaction, in the same way as section
3.3 generalized section 3.1. Using once again the L op-
erators defined in section 3.3, we consider an interaction
Hamiltonian of the form:

- f f g(w, (L + L;)(aj) + a,)dwd’k (71)

This Hamiltonian has a clear physical interpretation: each
time a splitting (which can have any K for the momentum
difference) occurs in the system, it is because a quanta was
absorbed by the system from the bath or emitted by the
system into the bath.

For it to be possible to factorize V in terms of hermitian
operators, we must have that g(w, 1?) = h(w)f (12) and then
V=A®B A= [fl)L;+L)dkand B = [ h(w)(a, +
a,)dw



Using a generalization of equation [9]for a continuous sys-
tem Hilbert space, we can calculate the jump operators:

Alw) =
:f('\PZJE};k Y1z ’A"I’lk ‘I’U;]‘Jrh.c.)

k2 k2 kZ
5(—2 b L _ wJ S\ dPlrd® s

21”12 ng 21’}’!1
= ff(k) (“1’2,1?2'133 TZ/?z;lzs 1,/}'1><T1,I?1 + hC)
k2 k2 kZ
ol =2 + = - L _ | Bk P od kd
(21’]’[2 ng 21’}’!1 wJ ! 2 3
f 1@ ([¥i0,) 6 (6~ R) 5 (6~ s + R) (%, | + e
K2 .

s (2—:12
= [ @ (ars
A

Tk

k% k% 37 537 530
+ — - — —w|PhPlodladk
2m3 21’}’!1

+ h.c.)

LS

—W d3]?1d3]?
2I’I12

-0
2I’I’l3 2m1

Alkrk)
(72)
The physical interpretation of these jump operators is
clear: A(w) corresponds to the splitting of a particle where
the energy difference between the final two-particle state
and the initial one-particle state is 7iw. Using equation[T0}
we can calculate the decay rates (considering w > 0):

Yw) = 27Tr{ By (w)B1ps]
= Zhw) fo " o W Trlata +d,)ps)
= 2 @)Trla,alps)
= SR @A) + 1]

(=) = 2xTr[ By (~w)B1ps]
= Zhw) fo " dof W YTilala + ., )op]
= 2 @)Trla}a,ps]

= ghz(w)ﬁ(w)
(73)
This results in the Lindblad equation:

d
—P(I) =—= [H + Hps,p(t)] +

+00
; f
—00

() (A@W) p(0) AT() - § {AT(@A@), p(1)}) dw

Dipl
(74)
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Plel= f P20 (A 200 Ay 1 = 3 {17 1 pO))

+ooﬂ_ _ > -
( [ Sremws (s -

oo

w)da)+
Jr0071' 2 > - 37 37

+ ~h (w)é(A(kl,k)—w)dw &PK &Pk
)

Performing the integral over w, we obtain:

5 5 o > 1
Dlp] = ffggZ(A(kl,k), k) (ﬁ(A(kl,k)) + —)

(A 2o A 2 = 3 A (A o)) dPr K
(75)

Identifying f Az, ,kqd31?1 =Lp+ L;, we obtain an equation
similar to of section 3.3, but with LE+L£ as a jump oper-
ator rather than Lp. Alternatively, we can see this equation
as a continuous version of equationd8|of section 4.1 since
L+ LT = o,. Hence, we once again obtain a reversible
splitting process. To impose irreversibility, we could use a
non-hermitian Hamiltonian as in section 4.2:

V= f f g(w, OLAa!, + a,)dwd’k (76)
which would lead to the Lindblad equation:
—p(t) =-z [H + Hys, p(1)] + Dlp] (77)

> o o =2 2 1
Dlp] = ffggz(A(kl,k),k) (ﬁ(A(kl,k)) + 5)

(L 20O Ly ¢ = 3 Le 1L 1o 0)) Ry R

(78)

with Ly » = |‘I’2,1?;i€, —1}’> <‘I’]Jg1 ‘ Comparing this to equation

[37)and the results of section 3.3, we can identify the decay
rate:

- T F > o 1
yki, k) = zgz(A(kl ,k), k) (ﬁ(A(kl k) + E)
- f f YRR R

4.4 Vacuum and Quark Gluon Plasma

(79)

The previous results can be used to describe the splitting
phenomenon due to system-bath interaction irrespective of
the medium in which the partons are propagating. Namely,
they apply to the case where splitting occurs as a result of
vacuum fluctuations, in which case the medium is the vac-
uum, and to the case where the quark gluon plasma, which
affects splitting, is present. The difference between these
two cases will be mainly contained in the y factors, since
these depend on the form of the interaction between the
system (the partons who undergo splitting) and the bath
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(the medium). In the vacuum case, the Lindblad equation
is given by:

3p l —), I 1 1 3—)/
— = ——[Hy, vac(K) | Ly,pL, — ={L. L5, a’k
” h[sp]+fR37()(kpk, 2{k,k,o}
(30)
In the QGP case, we need to sum new terms:
ap l =, + 1 +
E - _ﬁ[HS’,D] + j};}'}’vac(k )(L]?/,DLE/ - E{L]z,L]?up}) +
—), 1 9/
+ yqap(k )(L,;,pL;, 1 ;,L,;,,p}) &’F
(81)

Note that the vacuum terms remain since vacuum fluctua-
tions are always present.
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